CONTINUOUS DEPENDENCE FOR NLS IN FRACTIONAL 

ORDER SPACES 



THIERRY CAZENAVEi DAOYUAN FANG^, AND ZHENG HAN 



Abstract. For the nonlinear Schrodinger equation iut + Am + A|?i|"?i = in 
M^, local existence of solutions in is well known in the H^-subcritical and 
critical cases < a < 4/(Af — 2s), where < s < min{A'^/2, 1}. However, 
even though the solution is constructed by a fixed-point technique, continuous 
dependence in H" does not follow from the contraction mapping argument. 
In this paper, we show that the solution depends continuously on the initial 
value in the sense that the local flow is continuous H" — > H". If, in addition, 
a > 1 then the flow is locally Lipschitz. 



1. Introduction 

In this paper, we study the continuity of the solution map ip t-^ u for the nonhnear 
Schrodinger equation 

{iuf + Au + g{u) ~ 0, 
w(0) - ^, 
in i/^(M^), where TV > 1 and 

< s < min|l,y|. (1.1) 
We assume that the nonhnearity g satisfies 



(NLS) 



and 

for all u G C, where 



geC\C,C), 5(0) -0, (1.2) 
\g\u)\<A + B\ur, (1.3) 

0<a<^. (1.4) 

Under these assumptions, for every initial value (p E i7'*(IR^), there exists a local 
solution u e C([0, T], i/-'(M^)) of (jNLS|) . which is unique under an appropriate 
auxiliary condition. More precisely, the following result is well known. (Here and 
in the rest of the paper, a pair {q, r) is called admissible if 2 < r < 2N/ (N — 2) 
(2 < r < cx) if iV = 1, 2) and 2/q = Nil/2 - 1/r).) 
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Theorem 1.1 ( [SI [131 [7] ) . Assume (ll.ip - (|1.4|) and let {'-f,p) be the admissible pair 
defined by 

^ Nia + 2) ^ 4(a + 2) 

^ N + sa ' ^ a{N-2s)' ^ ' 
Given ip G H'^(R^), there exist < T^ax ^ oo and a unique, maximal solution 

u e C([0,r„,ax),i?^(IR'^)) nL7„^([0,T,„ax),S^.2(IR'^)) of m the sense that 

u{t)^e'''^(p + i f e'(*-")^5(u(s))ds, (1.6) 







for all < t < Tmax; where (e**^)tgR is the Schrddinger group. Moreover, u £ 
-^k>c([Oi Tinax), 2(1^'^)) f^''' every admissible pair {q, r) and u depends continuously 
on in the following sense. There exists a time T e (0, Tmax) such that if ipn ^ (p 
in H''{M.^) and if Un denotes the solution of (jNLSj) with the initial value ipn, then 
Tmaxi^n) > T for all sufficiently large n and Un is bounded in L'^{{Q,T), 2{^^)) 
for any admissible pair {q,r). Moreover, Un ^ u in L'^{{0,T),B!^'^^{M.^)) as 
n — >■ c» for all e > and all admissible pairs {q,r). In particular, Un u in 
C([0,T],iJ''-^(]R^)) for all £ > 0. 

Theorem 11.11 goes back to |8l [13] . The precise statement which we give here is 
taken from[7l Theorems 4.9.1 and 4.9.7]. The admissible pair (7,^) corresponds to 
one particular choice of an auxiliary space, which ensures that the equation (jNLSp 
makes sense and that the solution is unique. See [8j [131 [Z| for details. Under 
certain conditions on a and s, an auxiliary space is not necessary: the equation 
makes sense by Sobolev's embedding and uniqueness in C([0, T], i/''(M^)) holds 
"unconditionally", see [13 El [ISl [26] . 

We note that the continuous dependence statement in Theorem 11.11 is weaker 
than the expected one (i.e. with e = 0). Indeed, Theorem 1 1.1 1 is proved by applying 
a fixed point argument to equation (|1.6p , so one would expect that the dependence 
of the solution on the initial value is locally Lipschitz. However, the metric space in 
which one applies Banach's fixed point theorem involves Sobolev (or Besov) norms 
of order s, while the distance only involves Lebesgue norms. (The reason for that 
choice of the distance is that the nonlinearity need not be locally Lipschitz for 
Sobolev or Besov norms of positive order.) Thus the flow is locally Lipschitz for 
Lebesgue norms, and continuous dependence in the sense of Theorem 11.11 follows 
by interpolation inequalities. See [H [13] for details. 

In this paper, we show that continuous dependence holds in in the standard 
sense under the assumptions of Theorem ll.il (with an extra condition in the critical 
case a = j^^j2s)- More precisely, our main result is the following. 

Theorem 1.2. Assume (|l.l[) - (|1.4p and suppose further that 

A = Q if a = — - — , (1.7) 

where A is the constant in (jl.3p . The solution of (INLSp given by Theorem \1.1\ 
depends continuously on tp in the following sense. 

(i) The mapping (p H> Tniax(i^) is lower semicontinuous H''(M.^) (0, 00]. 

(ii) Ifipn ^ p in iJ*(R^) and ifun (respectively, u) denotes the solution of (|NLSP 
with the initial value ipn (respectively, ip), then Un ^ u in L'^{{0, T), Bf. 2{R^)) 
for all < T < rmax(v') o,nd all admissible pair {q, r). In particular, it„ — > u 



m 



C{[Q,T],H'{R^)). 
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Theorem 1 1 . 2 1 applies in particular to the model case g{u) — \\u\°'u with A G C 
and < a < 4/(iV — 2s). If, in addition, a > 1 then the dependence is in fact locally 
Lipschitz. We summarize the corresponding results in the following corollary. 

Corollary 1.3. Assume (|l.ip and let g{u) = A|u|"u with X G C andO < a < ^yr^j- 
It follows that the solution of (|NLS|) given by Theorem \1.1\ depends continuously 
on the initial value in the sense of Theorem If in addition, a > 1 then the 
dependence is locally Lipschitz. More precisely, let ip G II''{R^) and let u he the 
corresponding solution of (jNLSp . Given < T < T,„ax(<y3) there exists 6 > such 
that ifipG H%R^) satisfies \\(p - iJjWh^ < S and V is the corresponding solution 
of (jNLS|) . then for every admissible pair {q,r) 

\\u - w||l9((o,t),b=_2) ^ ^W'fi ~ "^11^=' (1-^) 
where C depends on ip,T,q,r. In particular, ||u — w||ioo((o.T).//s) < C\\ip — ipUn^ ■ 

We are not aware of any previous continuous dependence result for (jNLS|) in H'^ 
with noninteger s. For integer s, the known results in the model case g{u) — A|u|"m, 
A G C are the following. Continuous dependence in L^(R^) follows from ^24, in 
the subcritical case Na < 4 and from in the critical case Na — 4. Continuous 
dependence in ff^(M^) is proved in [T^] in the subcritical case {N — 2)a < 4 and 
in [SJ Uni [211 HZ] in the critical case {N — 2)a = 4. Continuous dependence in 
iJ^(K^) follows from [T^ in the subcritical case {N - 4)a < 4. 

Our proof of Theorem 11.21 is based on the method used by Kato [H] to prove 
continuous dependence in _ff^(R^). We briefly recall Kato's argument. Conver- 
gence in Lebesgue spaces holds by the contraction mapping estimates, so the tricky 
part is the gradient estimate. By applying Strichartz estimates, this amounts 
in controlling 'V[g{un) — giu)] in some space. However, 'V[g{un) — giu)] = 
g'{un)[Vun — Vm] + [g'{un) — g'{uy\S/u. The term g'(un)\S/Un — Vm] is easily ab- 
sorbed by the left-hand side of the inequality, and the key observation is that the 
remaining term [g'{un) — g'(M)]VM is of lower order, in the sense that the conver- 
gence of M„ to u in appropriate spaces implies that this last term converges to 0. 
We prove Theorem 1 1.2 1 bv applying the same idea. The key argument of the proof is 
an estimate which shows that g{u) — g{v) is bounded in Besov spaces by a Lipschitz 
term (i.e. with a factor u — v) plus some lower order term. (See Lemmas l2.1l and[ 2.2l 
below.) In the critical case a = 4/ (A'' — 2s), a further argument is required in order 
to show that Un to u in the appropriate space (estimate (|4.14|) \ For this, fol- 
lowing Tao and Visan [22], we use a Strichartz- type estimate for a non- admissible 
pair, and this is where we use the assumption ()1.7|) . Local Lipschitz continuity in 
Corollarv 11.31 follows from a different, much simpler argument: in this case, the 
nonlinearity is locally Lipschitz in the appropriate Besov spaces. 

In Theorem ll.2l we assume s < min{l, A^/2}. The assumption s < iV/2 is natural, 
but the restriction s < 1 is technical. When > 3, local existence in H^{R^) is 
known to hold for < s < N/2, in particular when g{u) = X\u\"u, under some extra 
assumption on a and s that ensure that g is sufficiently smooth. See [5J [121 [H] ■ 
The limitation s < 1 first appears in our Besov space estimates. These could 
possibly be extended to s > 1. It also appears in a more subtle way. For example, 
the introduction of certain exponents (|4.21|) in the critical case explicitly requires 
s < 1. It is not impossible that the idea in [22] of using intermediate Besov spaces 
of lower order can be applied when s > 1. 
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We next mention a few open questions. As observed above, the fixed point 
argument used in [U [131 12 to prove Tlieorem 11.11 does not show that the flow is 
locally Lipschitz in H''{M.'^). On the other hand, it does not show either that it is not 
locally Lipschitz. This raises the following question: under the assumptions (|l.ip - 
(|1.4p . is the flow of (|NLS[) locally Lipschitz in i/*? We suspect that the answer 
might be negative. Note that in the pure power case g{u) = A|u|"u, Remark 12.31 
implies that the nonlinearity is locally Holder continuous in the appropriate Besov 
spaces of order s. Therefore it is natural to ask if the flow also is locally Holder 
continuous in H^. Finally, we note that in the critical case a — ^^^^ Theorem ll.2l 
imposes the restriction A = in (jl.3|) . Can this restriction be removed? 

The rest of this paper is organized as follows. In Section[2]we establish estimates 
of g{u) — g{v) in Besov spaces. We complete the proof Theorem 11.21 in Section [3] 
in the subcritical case a < .r^„ and in Section H] in the critical case a = .,'^„ . 

J\—2s ' — ' J\—2s 

Section [5] is devoted to the proof of Corollarv ll.3l 

Notation. Given 1 < p < oo, we denote by p' its conjugate given byl/p' = l — 1/p 
and we consider the standard (complex- valued) Lebesgue spaces L^'(M^). Given 
1 ^ Pi 9 ^ oo and s £ M we consider the usual (complex-valued) Sobolev and 
Besov spaces H'^{M.'^) and Bp ^(K.^) and their homogeneous versions ij''(M^) and 
Bp^g{R^). See for example [3 1^3] for the definitions of these spaces and the 
corresponding Sobolev's embeddings. We denote by (e**^)tgR the Schrodinger 
group and we will use without further reference the standard Strichartz estimates, 
see [IB EH [III US] . 



2. Superposition operators in Besov spaces 

The study of superposition operators in Besov spaces has a long history and 
necessary conditions (sometimes necessary and sufhcient conditions) on g are known 
so that u g{u) is a bounded map of certain Besov spaces. (See e.g. and the 
references therein.) On the other hand, few works study the continuity of such 
maps, among which [2l [3l [31 [5l |Q , but none of these works applies to such cases as 
g{u) = \u\"u, which is a typical nonlinearity for (|NLS|) . Besides, for our proof of 
Theorem 1 1.2 1 we do not need only continuity but instead a rather specific property, 
namely that g{u) — giv) can be estimated in a certain Besov space of order s by a 
Lipschitz term (i.e. involving u — v in some other Besov space of order s) plus a 
lower order term. We establish such estimates in the following two lemmas. The 
first one concerns functions g such that |(?'(u)| < C|u|", and the second functions g 
that are globally Lipschitz. (A function g satisfying ()1.2p - (jl.3|) can be decomposed 
as the sum of two such functions.) The proofs of these lemmas are based on the 
choice of an equivalent norm on ^ defined in terms of finite differences, and on 
rather elementary calculations. 

Lemma 2.1. Let Q<s<\,a>Q,\<q<oo and \ < p < r < oo, and let 

< (J < oo be defined by 



We use the convention that HmUl" (/rn l'^*!'^)" even if a < 1. Let g £ C"'"(C,C) 
satisfy 

\g\u)\<C\ur, (2.2) 
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for all u G C. It follows that there exists a constant C such that ifu,v G i3^^(M^) 
and \\u\\l^, IK'IIl'^ < oo, then 

Mv)-g{u)h. <C\\v\\l.\\v-u\\^^, +K{u,v), (2.3) 
where K(u^v) satisfies 

K{u,v)<C{\\u\\l„ + \\v\\l.)\\u\\^. , (2.4) 

and 

K{u,un)^0, (2.5) 

if {un)n>i C i?,*g(M"'^) and u G B^^iR^) are such that < oo and — 

J^IIl" ~^ as n oo. 

Proof. We denote by Ty the translation operator defined for y G by Tyu{-) ~ 
u{- — y) and we recall that (see e.g. Section 5.2.3, Theorem 2, p. 242 in p3] ) 



Given zi, Z2 G C, we have 

ff(-zi) ~ 5(^2) = (21 - 2:2) / <925(z2 + 6{zi - Z2)) d6+ 



(21-22)/ d^g{z2+0{zi - Z2))d9, 
Jo 



which we write, in short. 



r-l 

ff(2i) - 3(22) = (21 - Z2) I g'{z2 + 6{zi - Z2)) de. (2.7) 







We set 

A{u, V, y){-) = Ty[g{v) - g{u)] - [g{v) - g{u)], (2.8) 

so that by ([SID 



\\9{v)-g{u)h. <C( \\A{u,v,y)\\Uy\-''-''dyy . (2.9) 
We deduce from ([^ and (P?7)) that 



A(u,w,?/) = [g(Tyu) - g{v)\ - [g(-ryu) - .g(u)] 



{jyV ~ v) / g' {v + 6{TyV — v)) dO — {TyU — u) / g' {u + 6{TyU ~ u)) d6; 
Jo Jo 



and so 



A(it, y) = [tj,(i; — u) — {v — u)] I g'{v + 0{TyV — v)) dO 







-\-{TyU~u) I [g'{v + 6{TyV - v)) ~ g'{u + 9{TyU ~ u))]d9 







= :Ai{u,v,y) + A2{u,v,y). (2.10) 

It follows from ([2^ that 

\Aiiu,v,y)\ < Ci\vr + \ryvn\ry{v - u) - {v ~ u)\. 
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We deduce by Holder's inequality (note that a jet > 1) that 

\\Ai{u,v,y)\\LP < CMl^WTyiv ~ u) ~ (v ~ u)\\Lr, 
from which it follows by applying (|2.6p that 

(/ \\A^iu,v,y)\\lM-''-''dyy <C\\v\\U\v-u\\^. . (2.11) 

\J^N / '■•9 

We set 

K{u,v)=([ \\A2{u,v,y)\\lM~''~'''dyY , (2.12) 

and formula follows from (HU, (EJU)) . ^tTU) and (1^1^ . Next, it follows from 
assumption (|2.2I) that 

i^2(m, y)i < c(|ur + iTy^r + i^^r + k^^Dkyw - u\. (2.13) 

Applying Holder's inequality, we deduce as above that 

(/ ||A2(u,t;,y)||i,|yr^-^dy)' <C(||u||^ + ||z;|l^)hlls. , (2-14) 

which proves (j2.4l) . It remains to show (|2.5p . Let (uri)n>i and w be as in the 
statement, and assume by contradiction that there is a subsequence, still denoted 
by (un)n>i, and e > such that 

K{u,u„)>e. (2.15) 

We set 

Bn{V,0){-) = \TyU - u\\g'{Un + 9{TyUn - U„)) - g' {u + 9{TyU - u))\, (2.16) 

and we deduce from ()2.2p that 

\Bn{y. 0)\ < C(|wl" + \Tyu\'' + |M„r + \ryUnn\TyU - u\. (2.17) 
It follows from (I^HI)) that 

\\A2{u,Ur.,y)\\l,<f f B,,{y,9)Pdxd9. (2.18) 

Jo JR" 

Note that |m„ — u]"^ — > in i^(R^). In particular, by possibly extracting a subse- 
quence, we see that 7i„ — w as n — ^ cxd a.e. and that there exists a function w G 
Li(K^) such that jun-wl'^ < w a.e. It follows that |m„|'" < C(|m|'" + u;) e ^^(R^). 
Moreover, by Young's inequality 

Bn{y, 9)P < Cd^r + + Kl" + kyUn^ + \ryU - un. (2.19) 

Since by ^M) TyU - u e L''(R^) for a.a. y e R^, we see that for a.a. y £ R^, 
BniV: 9Y is dominated by an function. Furthermore, g' is continuous and m„ — > 
u a.e., so that Bn{y, 0) — a.e. as n — oo. We deduce by dominated convergence 
and (|2?T8l) that 

\\A2{u,u„,y)\\l, 0, (2.20) 
for almost all y £ R^. Next, it follows from (j2.13p and Holder's inequality that 

\\A2{u,Un,y)\\LP < CiWuWla + \\Un\\t'')\\TyU ~ uHl- < C\\TyU - uHl-. 

Since 

\\TyU-u\\lAy\-''-'''eL\R''), 
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by ()2.6p . we see that \\A2{u,Un,y)\\%p\y\~^~'"^ is dominated by an function. 
Applying ()2.20p . we deduce by dominated convergence that K{u,Un) as ?i — ^ 
oo. This contradicts (|2.15p and completes the proof. □ 

Lemma 2.2. Let < s < 1 and l<p<oo,l<q<oo. Lef g € C^(C, C) with 
g' hounded. It follows that there exists a constant C such that ifu,v G Bp^iM.^), 
then 

\\9{v)-giu)\\s. <C\\v-u\\^^ +Kiu,v), (2.21) 

p,q p,q 

where K{u^v) satisfies 

K{u,v)<C\\u\\^^ , (2.22) 

and 

K{u,un)^0, (2.23) 

n—^oo 

if (u«)n>i C ,j(R^) and u E B^ g{R'^) are such that u„ ^ u in L^(M^) for 
some I < fi < oo. 

Proof. The proof of Lemma I^TT] is easily adapted. □ 

Remark 2.3. In the particular case when g{u) = \u\"u with a > 0, the esti- 
mate (|2.3p can be refined. More precisely, 



Mv) - 9iu)h. <C\\v\\24v~u\\s^ +C\\u\\^. \\u-v\\t., (2.24) 

if < a < 1 and 

\\9{v)-9iu)h^ <C\\v\\t4v-u\\^. 

+ C|kb,Jhll27^ + lkll27^)ll^^-^'l|L^, (2.25) 

if a > 1. Indeed, note that d:,g{z) = (1 + f )|z|" and ckgiz) = ^\z\°'~'^z'^. We claim 
that, 

Mzi - it < a < 1, 

and 

\C\z1~z2\ it < a < 1. 

Assuming (|2.26p - (|2.27p . estimates (I2.24p and (I2.25P follow from the argument used 
at the beginning of the proof of Lemma 12.11 Indeed, the left-hand side of (|2.14p 
(where A2 is defined by (12.101) ) is easily estimated by applying (|2.26p - (|2.27p and 
Holder's inequality. It remains to prove the claim ()2.26p - (|2.27p . The first three 
estimates are quite standard, and we only prove the last one. We assume, without 
loss of generality, that < | Z2 1 < \zi\. Note first that 

v2 



Fl ^^1-^21 
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Next, 



^1 



21 



1^21 



<2|zir 



Zl 



\zi\ 

Zl - Zi 



+ A(|22|-ki|) <4|zi|"-i| 



\Z2\ 



\Zl - Z2\ 



If \z\ -zi\ < \zi\, then (since a < 1) |zi|" ^|zi -Z2I < |zi -Z2I". If \zi -Z2I > l^il, 



then (recall that |zi — Z2I < |2;i| + |z2| < 2|zi|) we see that \zi\ 
2\zi — 22 1"- This shows the second estimate in (|2.27p . 



IZ1-Z2I < 2|zi|" < 



3. Proof of Theorem 11.21 in the subcritical case a < 

Throughout this section, we assume a < j^z^ ^^'^ use the admissible pair 
(7,(0) defined by (jl.Sp . We need only show that, given (p € _ff*(R^), there exists 
T = T{\\ip\\H^) > such that if \\ip\\h^ < M then T^i,^{ip) > T and such that 
if — > (/3 in H^{W^), then T^iaxi'^n) > T for all sufficiently large n and the 
corresponding solution m„ of (jNLSp satisfies m„ u in L'^{{Q,T),B^2(^^)) for all 
admissible pair {q,r). Since T — T{\\ip\\H!>), properties (|i| and ^ easily follow by 
a standard iteration argument. 

We note that by Theorem [Q there exists T = T(||v3||/fs) > such that if 
< M then rmax(</') > T. Moreover, by possibly choosing T smaller (but still 
depending on if V'n ~^ f iJ**(M^), then Tmax ('/'«) > T for all sufficiently 

large n and the corresponding solution it„ of (|NLS|) satisfies 

sup \\Un\\Li{{Q,T),B- 2) < 00, (3.1) 

n>l 

and 

u,^ ^ uinL«((0,T),i?;7(M^))nC([0,T],i/^-^(M^)), (3.2) 



for all e > and all admissible pair {q,r). It is not specified in Theorem 11.11 that . 
in the subcritical case, T can be bounded from below in terms of ||<yj||ffs but this is 
immediate from the proof. 
We set 

_ N{a + 2) 



N -2s 



> P, (3.3) 



so that by Sobolev's embedding 

B;,2(R^)-^i-(M^), (3.4) 

and we claim that 

Un uin L-'-'iiO, T), L^im.^)), (3.5) 

for all < £ < 7 — 1. This is a consequence of p.2|) . (In fact, if we could let e = 
in (IX^ . then we would obtain by ((5^ convergence in L'^{{0, T), L''{R^)).) Indeed, 

given ?7 > and smah, we have B^J^ (R^) L'"(M^). If r] is sufficiently small, 
p + r] < 2N I {N — 2)+ so that there exists 7,, such that (7,,, p + rj) is an admissible 
pair, and we deduce from ([32]) that m„ u in L'^" ((0, T), L'^(R^)). Since 7,, ^ 7 
as 77 —J> 0, we conclude that p.Sp holds. 
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We decompose g in the form g ~ 91+92 where gi,gi £ C^(C, C), gi(0) ~ 92(0) = 
and 

\9[iu)\ < C, (3.6) 
\g',{u)\<C\ur, (3.7) 

for all u £ C. By Strichartz estimates in Besov spaces (see Theorem 2.2 in [8 ), 
given any admissible pair (q, r) there exists a constant C such that 

+ C\\gi{Un) -5l(w)||il((o,T),B|_2) +C'll32(Wn) " 52 (") 1 1 ((o,T) ^ ) • (3-8) 

We estimate the last two terms in (|3.8I) by applying Lemmas 12.21 and 12. 1[ respec- 
tively. We first apply Lemma 12.21 to gi with q — p — 2 and we obtain 

\\9i{un) -5i(")IIb|2 ^ C\\un -^ll^, ^ +Ki{u,Un)- (3.9) 

Next, we apply Lemma |2. II to 92 with q — 2, r = p and p — p' ^ and we obtain 

Ilff2('"n) - .92(u)|Ib= < C'llUnlli-lkn - +K2{u,Un), (3.10) 

where a is defined by (|3.3p . Applying Holder's inequality in time, we deduce 
from (ISH) that 

ll3l(Wn) -5i(")IIl1((0,T),B|2) 

< Cr||u„ + ||i^i(u,u„)||Li(o,T), (3.11) 

and from ((Hl^ that 

\\92{Un) - .92(M)|lLy((o,T),i3=, ^) 

4-q(JV-25) 

<CT 4 ll^n|lL"'((o,T),L<') II"" ~ "IIl-'((0,T),B= 2) 

+ ||i^2(w,U„)llLV(0,T)- (3-12) 

Note that ||'"n|l2T((o t) L'^) bounded by p.ip and p.4p . Thus we see that, by 
possibly choosing T smaller (but still depending on ||iy9||//s), we can absorb the first 
term in the right hand side of (|3.1ip by the left hand side of (|3.8p (with the choice 
(q, ?■) — (00,2)), and similarly for (I3.12p (with the choice (g, r) = (7,/^)). By doing 
so, we deduce from p.Sp that 

\\Un — w||^-,((o,T),S= 2) + II"" ^ '"llL=°((0,T),_ff=) 

< C\\ipn -"^ll^a + (711/^1(7/, li„)||il(o^T) +C'll^2(w,M„)I|i-,'(o,r). (3.13) 

Next, we note that by ([2?22)) Ki{u,Un) < \\uit)\\gs for aU t e (0,r) and that 
u e L°°((0,r),B| 2(M^)). Moreover, u„-^u in Ci[0,Tl L^{R^)), so that u„(t) ^ 
M(i) in L2(R^) for aU t £ (0,T). Applying ([2:231) (with = 2), we deduce that 
Ki{un,u) — for all t £ (0,r). By dominated convergence, we conclude that 

||i^l(","n)llLi(0,T) ^ 0. (3.14) 

n— >oo 

We now show that 

\\K2{u,Un)\\L-,'mT) — ^ 0- (3-15) 
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Indeed, suppose by contradiction that there exist a subsequence, still denoted by 

(un)n>i, and S > such that 

\\K2i ^n)\\ L-i' (0,T) — 

S. (3.16) 

We note that by (|2.4p and Young's inequality 

K,iu„,ur' <C{\\uJlZ +\\u\\TJ)\\u\\1^ 

(3.17) 



P,2 



Since 07/ (7 — 2) < 7, we deduce from (|3.5p that, after possibly extracting a subse- 
quence, Ki(un-, u)'' is dominated by an function. It also follows from (|3.5|) that, 
after possibly extracting a subsequence, Un{t) — )> u{t) in L°'(R.^) for a. a. t £ (0,r) 
so that, applying (|2.5p . 

if2(M,u«) — > 0, (3.18) 

n— f 00 

for a. a. t G (0,?"). By dominated convergence, ||if2(u, ««) lli-T'(o t) ~^ This 
contradicts (|3.16p . thus proving p.lSp . 

Finally, it follows from (|3J3l) . (|3lll) and ([XTS]) that 

\\Un - "IIl7((o,T),S= 2) + " "llL°°((0,T),_ff=) '^^ (3.19) 

Given any admissible pair (g,r), we deduce from ((3^ . ([3JT|) . ((3?T2]) . (ISTTil) . (ISTTS)) 

and (j3.19l) that ||u„ — it||^g^Q t) 5= ) — 5" as n — oo. This completes the proof. 

4. Proof of Theorem 11.21 in the critical case a — jj^^ 

Throughout this section, we assume a = j^^2s ^^"^ admissible pair 

(7, p) defined by (jl.Sp . We recall that by assumption (|1.7p . 

|5'(u)| <C|ur. (4.1) 

The argument of the preceding section fails essentially at one point. More precisely, 
here 0:7/(7 — 2) = 7, so that the convergence (|3.5p does not imply as in Section [3] 
(see p.l7p ) that K2{un,u)'>' is dominated by an function. To overcome this 
difficulty, we show in Lemma |4T] below that (|3.5p holds with e = 0. This is the key 
difference with the subcritical case, and the rest of the proof is very similar. 

We now go into details and we first recall some facts concerning the local theory. 
(See e.g. [5].) We define 

g{u){t)^ f e'^'~'^^g{u{s))ds. (4.2) 



If (7,p) is the admissible pair defined by (|1.5p . then 

I|5(")IIlt'((0,T),BP 2) ^ '^ll'"llLt("'(o,T),S= 2)' 

and 

hiv) ~ 9{u)\\l-,' i^(^0,T).Lp') 

< C'(||'u||2t((o, T),B^ 2) + ll'"liL^((0,T),B» 2))ll" " 'f' IIl^((0,T),Lp) , 

where the constant C is independent of T > 0. By Strichartz estimates in Besov 
spaces, it follows that the problem (jl.6p can be solved by a fixed point argument 
in the set £ ^ {u e L^((0, T), B^_2(IR'^)); II"IIl.((o,t),s= 2) ^ ^} equipped with 
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the distance d{u,v) = \\u — f ||l~'((o.t).lp) for 77 > sufficiently small. (Note that 
(£,d) is a complete metric space. Indeed, L'^ {{Q,T), 2) is reflexive, so its closed 
ball of radius i] is weakly compact.) By doing so, we see that there exists Sq > 
(independent of G i?"(M^) and T > 0) such that if 

l|e'-^(p||L.((o,T),B^,,) <S<6o, (4.3) 

then T'max(¥') > T and the corresponding solution of ()I.6|) satisfies 

II"I|l-'((o,t),b^,,) < 2<5. (4.4) 

Moreover, given any admissible pair (g, r), there exists a constant C{q, r) such that 

\\u\\LHio.T).B;.,) < SC{q,r). (4.5) 

In addition, if ip, tp both satisfy (|4.3p and u, f are the corresponding solutions 
of pLS|l . then 

Ik - -f ||l-'((o,t).lp) < C'llv' - '4>\\l'^- (4-6) 
We also recall the Strichartz estimate in Besov spaces 

l|e'-^^l|L.((o,T),B,= ,) <C(g,r)||(^||ff=, (4.7) 
for every admissible pair {q,r). In particular, 

\\e''^^l^\\L^(io,T),B; ,) < \\e"'^^\\L^iio.T).B; ,) + C||V' - v\\h^ , (4.8) 

for every ip,tp € i/"(R^). 

We now fix e H'{R^) satisfying and we consider (<y3„)„>i C i/"(R^) 

such that 

\\V>n-V>\\H^ ^ 0. (4.9) 

n— >oo 

We denote by u and {un)n>i the corresponding solutions of (jNLS[) . 

We show that, by letting Sq in (|4.3p possibly smaller (but still independent of T 
and (/s), 

- u||l5i((o.t).b= ) — ^ 0, (4.10) 

for all admissible pair {q,r). Indeed, arguing as in the subcritical case, we see that 
(see the proof of (|3.13p ) 

+ C\\Un\\2i((o,T),L'')\\^n — "IIl^((0,T),B^ ,) + II -^(''^i II L^' (0,T) ' (^-H) 

where K{u,Un) is given by Lemma [2.11 We next observe that, using (|4.4p . p.4p 
and possibly choosing Sq smaller, C'||wn|l27((o t) L'^) — ^/"^ ^'^^ l^^rge. We then 
deduce from (14. lip that 

l|wn -u|liT((o,T),B=,) < C'll'y'n " fWn^ +C\\Kiu,Un)\\LY(^o,T)- (4-12) 
We claim that 

ll^(",^^«)ILy(o.T) ^ 0, (4.13) 

For proving (|4.13p , we use the following lemma, whose proof is postponed until the 
end of this section. 
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Lemma 4.1. Under the above assumptions, and for 5a in ()4.3|) possibly smaller 
(but still independent of T and ip) it follows that 

Ikn - w||lt((o,t),l-) — > 0, (4.14) 

n— foo 

where a is defined by (|3.3p . 

Assuming Lemma |4.H suppose by contradiction that there exist a subsequence, 
still denoted by {un)n>i and (3 > such that 

II^K"«)ILy(o,T) >/? (4-15) 

Note that (see dSUl)) if (u, u„)^' < C{\\ujf^ + \\u\\f^ + \\uf. ). Since a7/(7- 
2) = 7, this implies 

Kiu,u^y'' < C(h„||^ + 11^.11^ + \\u\\l^ ). (4.16) 

It follows from (|4.14p and (|4.16p that, after possibly extracting a subsequence, 
K{u, Un)"' is bounded by an function. Moreover, we may also assume that 
Unit) u{t) in L'^(R^) for a.a. t e (0,r), so that by K{u,Un) for a.a. 
t G (0,r). By dominated convergence, we deduce that \\K{u,Un)\\]^-,' (^q t) ^ 0- 
This contradicts (|4.15p . thus proving (|4.13l) . 

Applying and we conclude that 

II"" -u|li^((o,T).i3= 2)„'I;;t,^■ 
By Lemma [^?T] (and using again (14. 13^ ). this implies that 

IISK) ~ff(u)|lLV({OT) ) ^ 0- 

Applying Strichartz estimates, we conclude that (|4.10p holds. 

To conclude the proof, we argue as follows. We let T be the supremum of all 
< T < T„iax(<^) such that if ^ in ii"(M^), then T^^^{ipn) > T for aU 
sufhciently large n and u„ u in L'^((0, T), B^2(^^)) as n — > oo for all admissible 
pair (g, r). We have just shown that T > 0. We claim that T — Tmaxi'f)- Indeed, 
otherwise f < T^ax- Since u £ C([0, f ], iJ"(R^)), it follows that \Jf^^^^f{u{t)} is 
a compact subset of H''{M.^). Therefore, it follows from Strichartz estimates that 
there exists T > such that 

sup ||e'-^w(i)||LT((o,T),B=,) <<5o. (4.17) 

0<t<T 

We fix < T < T such that t + T > f. li (pn (fi m i?«(R^), it follows from 
the definition of T that T^-mxiy^n) > t for all sufficiently large n and that u„(t) — > 
u{t) in ii®(M^) as n oo. We then deduce from (|4.17p and what precedes that 
rmax(u«(T)) > r for all large n and that M„(r+-) ^ m(t+-) in L9((0, T), 2(1^^)) 
for all admissible pair {q,r). Thus we see that TmaxlVn) > t + T for all large n 
and that w„ u in L«((0,t + T), ^^ ^(l^^)) for all admissible pair {q,r). This 
contradicts the definition of T. Thus T = T, which proves properties (P and ([ul). 
To complete the proof, it thus remains to prove Lemma |4. II 

Proof of Lemma \4-1\ Given 2 < r < N/ s, we define v{r) € (r, 00) by 
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SO that 

b,': 2(m") -^i'^^'^^K^), (4.19) 

by Sobolev's embedding. Note also that if (7, p) is the admissible pair given by (jl.Sp . 
then v{p) = a given by p. 31) . 

We first observe that we need only prove that 



l|Wn - w||l9o((0,T),L-('-o)) — ^ 0, (4.20) 

for some admissible pair (go, rp) for which < ^ (and viro) is defined by (j4.18l) '). 
Indeed, suppose (|4.20p hold. If a > J^(ro), then p > tq. We fix p < r < — and we 
deduce from (|4.18p and Holder's inequality in space and time that 

\Wn - u\\l-<{{0,T)X'') < \\Un " " II lto ((0,T) .L-C-o) ) II ~ ■"IIl5(%^T),L-(-) ) ' 

where 1/ p = O/r^ + (1 — 0)/r. Since ||m„ — wll^ij^jg t) l^c?^)) bounded by (|4.5p and 
Sobolev's embedding (|4.19p . we see that (|4.14p follows. In the case a < i^(ro), then 
p < vq and we apply the same argument, this time with (q, r) = {00, 2). 
We now prove (|4.20p for {qo,ro) defined by 

2a(a + 2) N{a + 2) ,^ ^ , 

^°- 4-(iV-2)a ' ^°- iV + ,s(. + 2) - ^^-'^^ 

It is straightforward to check that (qoi^o) is an admissible pair, that < ^ and 
that 

zy(ro)=a + 2. (4.22) 

We now use a Strichartz-type estimate for the non-admissible pair {qo,a + 2). 
More precisely, it follows from Lemma 2.1 in that there exists a constant C 
independent of n and T such that 

||0(u«) - ^(w)||l<!o(r,lc+2) < C||g(u„) -.g(M)||^_sfl_^^^^^. (4.23) 

On the other hand, we deduce from (|4.ip and Holder's inequality in space and time 
that 

\\g(un) — g(u)\\ 10 a+2 

< C'(lkn|lL<!o((o,T),L°+2) + l|ti|lL90((0,T),L° + 2))l|tin - "IIl^o ((0,T),L°+2) • 

Applying ()4.19p and (|4.22p . we obtain 

\\g{Un) — g{u)\\ ia 0+2 

< C'(||m„[|2to((o,t),b=^ 2) + II'"IIl9o((o,t),b=^ 2))ll"« - "IIl'o((o,t),l°+2)- (4.24) 

The pair (go,^o) being admissible, we deduce from Strichartz estimate (j4.7p . Sobo- 
lev's embedding (jTJ^ and the identity that 

l|e*''^('^n - ¥')||lto(r,l»+2) < C\\(pn - ^pWh^- (4.25) 



^for more general estimates of this type, see |14l 1101 [25] 
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Using the equation (|1.6|) for u„ and u, together with (|4.25|) . (|4.23|) and (|4.24p . we 
see that 

\\Un - m||lto((o,T),L°+2) < C\\ipn - <y3||ff» 

+ C{\\Un\\tm((0,T),B^^^.,) + II"IIl<!o((o,T),B»^_2)) II"" ~ "11 LTO ((0,T),L°+2) • (4-26) 

We now observe that if (p satisfies (|4.3p . then (/?„ also satisfies ()4.3p for n large 
(see (|48|) ). so that by (|4!5|) we have 

max{||u|li,o((o,T),B»^_2), ll""llLio((o,r),B»^_2)} < <5C(go,?'o), (4.27) 

for all sufficiently large n. Therefore, by possibly choosing Sq smaller, we can absorb 
the last term in (|4.26p by the left-hand side, and we deduce that (|4.20p holds. This 
completes the proof. □ 

5. Proof of Corollary 11.31 

The first statement of Corollary 11.31 follows from Theorem 11.21 The Lipschitz 
dependence in the case a > 1 follows from the estimate p.25p . Indeed, if p is 
defined by ()1.5p then, applying (|2.25p with p = p', r = p and q = 2, we obtain 

\\9{v) - 5(")IIb=, < C\\v\\t. \\v - u\\^. + C\\u\\^ {\\u\\l-' + \\v\\l-')\\u - v^^, 
where cr is given by (|3.3p . Using the embedding (|3.4p , we deduce that 

Uv)~g{u)U.^ <C{\\u\\%^ +\\vr )\\v-u\\^ . (5.1) 

In view of (|5.ip . it is easy to see that one can go through the local existence 
argument by using Banach's fixed point theorem with the distance d{u,v) — \\u — 
D||i7((o,T),B= 2) instead of d{u,v) = \\u — v\\l-,(^^q^x),lp)- See for example the proofs 
of Theorems 4.9.1 (subcritical case) and 4.9.7 (critical case) in for details. It now 
follows from standard arguments that the resulting flow is Lipschitz in the sense of 
Corollarv ll.3l 
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